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Abstract. Widespread availability of location aware devices (such as GPS receivers) pro-
motes capture of detailed movement trajectories of people, animals, vehicles and other mov-
ing objects, opening new options for a better understanding of the processes involved. We
investigate spatio-temporal movement patterns in large tracking data sets. Specifically we
study so-called ‘popular places’, that is, regions that are visited by many entities. We present
upper and lower bounds.

1 Introduction

Technological advances of location-aware devices, surveillance systems and electronic transaction
networks produce more and more opportunities to trace moving individuals. Consequently, an
eclectic set of disciplines including geography, market research, data base research, animal be-
haviour research, surveillance, security and transport analysis shows an increasing interest in
movement patterns of entities moving in various spaces over various times scales [1, 10, 17]. In the
case of moving animals, movement patterns can be viewed as the spatio-temporal expression of be-
haviours, e.g. in flocking sheep or birds assembling for the seasonal migration. In a transportation
context, a movement pattern could be a traffic jam.

In this paper we will focus on the problem of computing ‘popular places’ (also called ‘con-
vergence patterns’ in [19, 20]) among geospatial lifelines. The input is a set P of n moving point
objects Λ1, . . . , Λn whose locations are known at τ consecutive time-steps t1, . . . , tτ , that is, the
trajectory of each object is a polygonal line that can self-intersect, see Fig. 1. For brevity, we will
call moving point objects entities from now on, and when it is clear from the context, we use Λ
to denote an entity or its trajectory. It is assumed that an entity moves between two consecutive
time steps on a straight line and the velocity of an entity along a line segment of the trajectory is
constant. Given a set of n moving entities in the plane, an integer k > 0 and a real value r > 0,
a popular place is a square of side length r, that is visited by at least k entities. Throughout the
article we will for simplicity assume r = 1. Note that the entities do not have to be in the square
simultaneously. Spatio-temporal patterns have traditionally been considered in two settings: the
discrete case where only the discrete time steps are considered and the continuous case where the
polygonal lines connecting the input points are considered. Recently it has been argued [6, 13] that
the continuous model is becoming more important since trajectories will have to be compressed
(simplified) to allow for fast computations. Nowadays it is not unusual that the coordinates are
recorded with a frequency of one second. A popular place in the two different models is defined as
follows (see Fig. 1).

Definition 1. Given a set of n moving entities in the plane, an integer k > 0 and a real value
r > 0. An axis aligned square σ of side length r is a popular place in the discrete model if σ
contains input points from at least k different entities. In the continuous model σ is a popular
place if it is intersected by polylines from at least k different entities.
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Fig. 1: An example where three entities Λ1, Λ2 and Λ3 are traced during 16 time steps. For k = 3 the
square eσ is a popular place only in the continuous model. While σ is a popular place for k = 3 in both
the discrete and continuous model.

Recently there has been considerable research in the area of analysing and modelling spatio-
temporal data. In the database community research has mainly focussed on indexing databases so
that basic spatio-temporal queries concerning the data can be answered efficiently. Typical queries
are spatio-temporal range queries, spatial or temporal nearest neighbours, see for example the work
by Sǎltenis et al. [23] and Hadjieleftheriou et al. [18]. From a data mining perspective Verhein and
Chawla [24] used association rule mining to detect patterns in spatio-temporal sets. They defined a
region to be a source, sink or a thoroughfare depending on the number of objects entering, exiting
or passing through the region. Mamoulis et al. [21] studied periodic patterns, e.g. yearly migration
patterns or daily commuting patterns. Recently there have been several papers considering the
problem of detecting flock patterns and leadership patterns [2, 3, 5, 14].

Precursory to this work Laube et al. [19, 20] proposed the REMO framework (RElative MO-
tion) which defines similar behaviour in groups of entities. They defined patterns such as ‘flock’,
‘convergence’, ‘trend-setting’ and ‘leadership’ based on similar movement properties such as speed,
acceleration or movement direction, and gave algorithms to compute them efficiently. They pro-
posed an input model where a ray was drawn from the current position of each entity that cor-
responds to its direction. That is, the coordinates and direction of the entities are known at the
initial time step and the aim is to find or forecast a popular place (assuming the entities do not
change their direction).

As mentioned in earlier work [5, 14, 15], specifying exactly which of the patterns should be
reported is often a subject for discussion. For the discrete model we design a general algorithm
that can generate the following output:

– the popular place with the most number of entities (detect maximum),
– a set of rectangles of width 1 and height 2 such that each reported rectangle contains a popular

place and all popular places are covered by the reported rectangles (approximate),
– a set of polygons H(P ) such that any axis-aligned unit square with centre in a polygon of
H(P ) is a popular place (report all).

In the continuous model we only describe how to find the setH(P ). However, one can easily modify
it to any of the output models listed above.

In the Section 2 we present an algorithm for the discrete model, followed by an Ω(τn log τn)
time lower bound. In Section 4 we present an O(τ2n2) time algorithm in the continuous model.
Finally, in Section 5, we prove an Ω(n2) lower bound in the continuous model.

2 A fast algorithm in the discrete model

We start with the discrete version of the problem. A set of n entities is traced over a period
of τ time steps, generating τn points in the plane that correspond to the positions of the tracked
entities. We will refer to the τn points as input points. The input parameter k > 0 defines the
minimum number of entities defining a popular place, see Definition 1.
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We design an algorithm that reports the popular place with the largest number of entities in
O(τn log τn) time. In Section 2.4 we show how to modify it to produce more general output. This
problem closely resembles the coloured range counting problem [16] where the input is a set of n̄
points, each point having one of m̄ possible colours, and the aim is to preprocess the points such
that the number of different colours inside a given query range can be reported.

Fact 1 (Theorem 5.1 in [16]) A set S of n̄ coloured points in the plane can be preprocessed into a
data structure of size O(n̄2 log2 n̄) such that for any axis-parallel query rectangle q = [a, b]× [c, d],
the number of distinctly-coloured points in q can be reported in O(log2 n̄) time.

This result can be used to obtain a simple approximation algorithm. Let kmax be the largest
number of entities contained in a square of side length 1, i.e. kmax is the size of a maximum
popular place. We say that an algorithm is an α-approximation algorithm if it returns a square of
side length α that contains at least kmax entities. A 2-approximation algorithm can be obtained
by performing n coloured range counting queries where each query square has side length 2 and
is centred at an input point. The algorithm requires O(τ2n2 log2 τn) time and space. The main
drawback is the space usage. In the applications considered the size of the input may be very large
as noted in the introduction. We will present an exact algorithm that only uses O(τn) space and
runs in O(τn log τn) time.

The idea of our algorithm is to use a vertical sweep line ℓ sweeping the points from left to
right. Together with the sweep line we sweep a vertical strip strℓ of width 1 whose right boundary
is ℓ. Each of the τn input points induces two event points, one when the point enters strℓ and one
when the point leaves strℓ. We refer to these types as start and end events.

For a start event, say that an input point p belonging to entity Λ enters strℓ, we update our
data structures and check for the largest popular place located in strℓ that is visited by Λ. Such a
popular place must obviously be contained in the axis-aligned rectangle Rp having width 1, height
2 and p on the midpoint of its right vertical segment, see Fig. 2a. If we check at every start event
p for a largest popular place within Rp then we will find the maximum popular place. For an end
event, say a point p belonging to Λ is about to leave strℓ, we simply remove it from the current
data structures.

As described above, the general idea is to sweep a vertical strip strℓ of width 1 from left to
right. Then, for each start event p the aim is to find a largest popular place containing p. This
could be done by sweeping all the points within Rp with a unit square s, while keeping track of
the number of entities within s at any time. However, since the number of points within Rp is
O(τn) this might take O(τn log τn) time per event.

Instead we are going to show how we can maintain a set of trees such that given a y-interval
[a, b] (the y-coordinates of the top- and bottom side of Rp), we can find the y-value of the centre
of a unit square that contains the largest number of different entities in O(log τn) time per query.
Below we will show how we can achieve this by maintaining a tree for each entity separately in
O(log τ) time per event and in Section 2.2 we show how we can merge this information into one
tree Tint that can be queried and updated in O(log τn) time.

ℓ
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Λ
′

pRp

ℓ
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(a) (b)
strℓstrℓ

Fig. 2: (a) Finding the popular places in Rp visited by Λ. (b) The set IΛ is indicated by the bold, solid
line segments on ℓ.
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2.1 One structure for each entity

We maintain a set of disjoint y-intervals IΛ, for each entity Λ, such that at any event point during
the sweep IΛ contains exactly the y-intervals for which a square s in strℓ with centre in an interval
in IΛ contains a point of Λ, see Fig. 2b. The square containing a maximum popular place is a
square whose centre is contained in a maximum number of such y-intervals.

Next we show how such a data structure can be maintained efficiently. We will maintain two
trees BΛ and TΛ for each entity Λ. The tree BΛ is a balanced binary search tree on the points of
Λ currently within strℓ and ordered with respect to their y-coordinates. BΛ can be queried and
updated in O(log τ) time using, for example, Red-Black trees (see e.g. [7]). The tree TΛ will store
the set IΛ of intervals w.r.t. the current position of ℓ. The leaves of TΛ store the endpoints of the
intervals in IΛ ordered on their y-coordinates. Each leaf also contains a pointer to the leaf in TΛ

containing the other endpoint. Inserting and deleting a new interval can be done in O(log τ) time
per update:

Assume we are about to process a start event pΛ = (x, y). Let I = [y − 1/2, y + 1/2] and note
that any unit square within strℓ with centre in I will contain pΛ. The point is inserted into BΛ

and then a range query is performed in TΛ that reports the intervals of IΛ intersecting I. Since the
intervals in IΛ are disjoint and have length at least one, I may intersect at most two intervals in IΛ.
Thus, finding the intersecting intervals can be done in O(log τ) time. If the number of intersecting
intervals is zero then I is inserted into TΛ. If I intersects one interval I1 then I1 is deleted and
the interval I ∪ I1 is inserted. Finally, if two intervals I1 and I2 are intersected then I1 and I2 are
deleted and I ∪ I1 ∪ I2 is inserted.

In the case when strℓ is about to process an end event pΛ = (x, y), update the trees in a similar
manner. Report the two adjacent neighbours p1 = (x1, y1) and p2 = (x2, y2) of pΛ in BΛ, and
delete pΛ. Assume without loss of generality that y1 < y < y2. Let I be as defined above and let
I ′ be the interval in IΛ containing I. We have to distinguish three cases:

1. If |y2 − y1| ≤ 1 then we are done since I ′ does not change.
2. If min{|y − y1|, |y − y2|} > 1 then I ′ = I is deleted from TΛ.
3. If |y−y1| > 1 and |y−y2| ≤ 1 then I ′ is deleted from TΛ and the interval I ′ \ [y−1/2, y2−1/2)

is inserted. The case when |y − y2| > 1 and |y − y1| ≤ 1 is symmetric.

We denote the set of all trees TΛ and BΛ by T ent and Bent, respectively. Since the total number
of events is 2τn the below corollary follows immediately.

Corollary 1. Throughout the sweep, the sets T ent and Bent can be maintained in O(τn log τ) time
requiring O(τn) space.

2.2 Maintaining the status of the sweep

We store all intervals that are currently in strℓ in a balanced binary tree Tint. We will use Tint to
perform the maximum popular place query for Rp. Let I =

⋃

Λ IΛ. For simplicity we assume that
all start and end points of intervals in I are pairwise disjoint. The leaf set of Tint corresponds to
the set of start and end points in I ordered w.r.t. their y-coordinates.

Since there are τn points, Tint contains at most O(τn) leaves and thus at most O(τn) vertices
at all times. During the sweep Tint is maintained as follows: every time a tree TΛ is updated we
perform the corresponding update operation in Tint. One update in TΛ requires the deletion and
insertion of a constant number of leaves in Tint. Thus, one update operation in TΛ induces update
operations in Tint that can be performed in O(log τn) time. Since the sweep conducts 2τn update
operations, we have the following:

Lemma 1. Throughout the sweep, the tree Tint can be maintained in O(τn log τn) time requiring
O(τn) space.

Next, we show how we can store appropriate information in Tint in order to perform maximum
popular place queries.
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Fig. 3: The values sum (left) and maxpre (right)
for the depicted tree Tint.

Fig. 4: Querying Tint for the maximum stabbing
number maxl,r.

2.3 Extending Tint to allow for efficient queries

A point p = (x, y) is said to stab an interval [a, b] if y ∈ [a, b]. The stabbing number of p w.r.t. a
set of intervals I is the number of intervals in I that p stabs. Note that for a start event p we have
to find the point in ℓ ∩Rp having maximum stabbing number w.r.t. I. Ideally we could store the
number of intervals that a point corresponding to a leaf L in Tint stabs. However, one event could
require the update of O(τn) of these numbers which would be too costly to maintain. Instead we
maintain this information implicitly in order to do updates as well as queries in O(log τn) time.

For this we store two values, sum(V ) and maxpre(V ), with each vertex V in Tint, see Fig. 3.
For leaves L we define sum(L) and maxpre(L) to be +1 if L corresponds to an interval start point
and to be −1 otherwise. For inner vertices V let Vleft and Vright denote the left and the right child
of V , respectively. Then, sum and maxpre are defined as follows:

sum(V ) := sum(Vleft) + sum(Vright), and

maxpre(V ) := max{maxpre(Vleft), sum(Vleft) + maxpre(Vright)}.

Let L1(V ), . . . , Lm(V ) be the sequence of all leaves contained in the subtree rooted at V enumer-
ated from left to right. The intuition of the definitions is that
sum(V ) =

∑m

j=1 sum(Lj(V )) and maxpre(V ) = max1≤i≤m

∑i

j=1 sum(Lj(V )).
When performing an update operation in Tint, i.e. deleting or inserting a leaf L, updating sum

and maxpre is only required on the path from L to the root. Hence, updating sum and maxpre

takes O(log τn) time per update operation.

Lemma 2. Throughout the sweep, the values sum and maxpre can be maintained in O(τn log τn)
time requiring O(τn) space.

Recall the processing of the sweep. When we arrive at a start event p = pΛ, we first perform
the required updates in BΛ and TΛ, update Tint accordingly and then query Tint for the most
popular place in Rp. Next, we show how the query can be done in O(log τn) time.

Let L1, L2, . . . be the set of leaves in Tint ordered from left to right. Each of the leaves in Tint

is associated with the y-value of the stored start or end point. By performing two searches in Tint

we can find the leftmost leaf Ll in Tint whose y-value is at least yp−1/2 and the rightmost leaf Lr

whose y-value is at most yp + 1/2 in O(log τn) time. This defines our query range within Tint: the
goal is to find the leaf between (and including) Ll and Lr whose stored point stabs the maximum
number of intervals among these leaves. We denote this maximum stabbing number by maxl,r.
We have that maxl,r = maxl≤m≤r{

∑m

j=1 sum(Lj)}. We claim that maxl,r can be calculated by
walking along the search paths from Ll and Lr, respectively, to the root R of Tint. We sketch how
this is done. Note that the sketch comprises that a leaf with stabbing number maxl,r can be found
and reported in O(log τn) time.

Let R′ be the least common ancestor of Ll and Lr and let mid, with l ≤ mid < r, be the
index such that Lmid is the rightmost leaf in the left subtree of R′, see Fig. 4. Set sumprefix := 0,
and consider the traversal of the search path from R to Ll. Every time the search path descends
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into the right subtree of a vertex V add sum(Vleft) to sumprefix, see Fig. 4. When the search path

reaches Ll we have sumprefix =
∑l−1

j=1 sum(Lj).

Let maxl = maxl≤m≤mid

∑m

j=l sum(Lj) and maxr = maxmid+1≤m≤r

∑m

j=mid+1 sum(Lj). Once
we know maxl and maxr, the maximum stabbing number can be computed by maxl,r = max{sumprefix+
maxl, sum(R′

left) + maxr}. It remains to show how to compute maxl and maxr.
We compute maxl by walking along the path from Ll to R′

left. Initially, we set maxl :=

maxpre(Ll), and a helper variable sumseen := sum(Ll). Let Ll = V 0, V 1, . . . , R′
left be the sequence

of nodes that are traversed when walking from Ll to R′
left in Tint. Each time we encounter a

vertex V i having V i−1 as a left child we look for a new maximum in the right subtree, i.e. maxl :=
max{maxl, sumseen +maxpre(V

i
right)} and update sumseen to sumseen := sumseen +sum(V i

right). It
is not hard to see that in the end of the traversal maxl holds the right value. There are O(log τn)
vertices on the path from Ll to R′, and each vertex is processed in constant time. Thus, the time
to compute maxl is O(log τn).

In a similar fashion we compute maxr. Here, we walk along the path from R′
right to Lr, let

R′
right = V 0, V 1, . . . , Lr be the sequence of traversed vertices. Initially, we set maxr := 0 and

sumseen := 0. Each time we encounter a vertex Vi which is a right child of its parent we look for a
new maximum in the left subtree, i.e. maxr := max{maxr, sumseen + maxpre(V

i−1
left )} and update

sumseen to sumseen := sumseen + sum(V i−1
left ). Arriving at Lr we get maxr by the final update

maxr = max{maxr, sumseen + maxpre(Lr)}.

Lemma 3. Given Tint and a y-interval [l, r] one can, in O(log τn) time, return the highest stabbing
number maxl,r for any point in [l, r] together with a point p ∈ [l, r] having this stabbing number.

Now we are ready to summarise the results obtained in this section.

Theorem 1. Given a set P of n moving point objects in the plane the unit square containing the
maximum number of different entities in the discrete model can be computed in O(τn log τn) time
using O(τn) space.

Proof. The proof follows by putting together Corollary 1, Lemma 1, Lemma 2 and Lemma 3.
That is, all updates and queries can be done in O(log τn) per event, thus, in O(τn log τn) time in
total. ⊓⊔

2.4 Approximating and reporting all popular places

For a start event p = pΛ we have seen in Section 2.3 how we can detect a unit square in Rp

that contains the maximum number kmax of different entities in the discrete model among all unit
squares contained in Rp. If we now find that kmax ≥ k we can report Rp as an approximation
for (potentially) all popular places that are contained in Rp. This leads directly to the following
result.

Theorem 2. Given a set P of n entities in the plane we can report rectangles of width 1 and height
2 such that each reported rectangle contains a popular place and all popular places are covered by
the reported rectangles. This requires O(τn log τn) time and O(τn) space.

It gets more involved when we want to report the set of polygons H(P ) such that any axis-
aligned unit square with centre in a polygon of H(P ) defines a popular place and each centre of a
popular place is contained in H(P ). Say that we process a start event pΛ and find a popular place
s ⊂ Rp. Then, s will—most likely—still be a popular place if we shift it slightly to the right. To
find out the rightmost position of s still being a popular place makes the difficulty of the report-all
problem.

We first show how we can find all popular places in Rp when processing a start event p. We
will report all popular places as an interval set Ip,start such that for each I ∈ Ip,start it holds that
I ⊆ [a, b] where a and b are the bottom and topmost y-coordinates defining Rp and, furthermore,
the squares with centres on any y ∈ I give all popular places. The task is to find all leaves between
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Fig. 5: (a) setting start flags, (b) setting end flags, and (c) the reported polygon (grey) in H(P ).

Ll and Lr (that define the query range induced by Rp) whose stabbing number is at least k. Using
the above techniques, we can find a leaf that induces a popular place in O(log τn) time, meaning
that we can find all leaves in O(M log τn) time per event, where M is the number of all leaves
between Ll and Lr whose stabbing number exceeds k.

Note that each leaf Lj is associated with a y-value yj , which means if we recognise Lj as a
popular place we will actually report the line segment xp × [yj , yj+1] as a popular place defining
interval. To find out if the leaves Ll or Lr induce popular places we actually have to be a bit more
careful and determine whether we have to extend the reported line segment to the lower end a or
the upper end b of the query range, by checking how many intervals the leaf stabs, and in case
this number is exactly k whether an interval starts or ends at Ll or Lr, respectively.

Next, we make the following observations: let Ip,start be the popular place defining interval set
that we have found for a start event p and let s be a popular place associated with Ip,start. Let s′

denote the position of the unit square s when we slightly shift it to the left. If s′ is also a popular
place, we will have recognised this popular place earlier on when we processed a start event to
the left of the current sweep line position. So, finding the left boundary of the polygons H(P ) can
simply be done by setting start flags whenever we find the set Ip,start for a start event p: for each
I ∈ Ip,start we set the start flag xp − 1× I, see Fig. 5.

However, we still have to determine the right boundary of the polygons H(P ). We do this by
setting end flags: for an end event q we also compute the set of popular place defining intervals.
Now, let Iq,end be the complement of this set in Rq extended with the popular place defining
intervals whose stabbing number is exactly k (q is about to leave). For each I ∈ Ip,end we set the
end flag xp × I, see Fig. 5. Now, we simply have to connect the start and end flags accordingly to
obtain the polygon set H(P ).

Theorem 3. Given a set P of n moving point objects in the plane the polygons H(P ) can be
reported in O(τn log τn + M log τn) time using O(τn + M) space, where M is the number of all
popular place defining intervals that we find throughout the algorithm.

3 A Lower Bound in the Discrete Model

One of the first problems shown to have an Ω(N log N) lower bound was the min-gap problem [4].
The decision version of the min-gap problem also has an Ω(N log N) lower bound [12].

Problem 1. (min-gap, decision version)
Given a vector x ∈ R

N of reals and a positive real value δ, is mini6=j |xi − xj | > δ?

Now consider the decision version of the discrete popular place problem in one dimension for
n entities, τ time step and k = 2.
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Problem 2. (pop-place1, decision version)
Given a set Y of n vectors y ∈ R

τ of reals and a positive real value δ, is there a popular place of
side length δ and k ≥ 2?

Theorem 4. Problem 2 has an Ω(τn log τn) lower bound.

Proof. Consider an algorithm A(Y ) that solves Problem 2 in TA(Y ) time. We show how algorithm
A can be used to solve Problem 1.

Let 1 ≤ a ≤ N be a fixed integer. We transform an instance of Problem 1 into an instance of
Problem 2. Suppose we are given a vector x ∈ R

N of reals and a positive real value δ as input to
Problem 1. Place the values in x in a matrix M with a columns and b = ⌈N

a
⌉ rows, in any order.

(In the case that N
a

is not an integer, fill up the matrix with appropriate dummy values.)

Consider the columns in M as a set of a vectors of length b. This set of vectors can be interpreted
as a set Y1 of n = a trajectories over τ = b time steps in one dimension. Run algorithm A with Y1

as input. If the algorithm A returns ‘Yes’ then return ‘Yes’ as the answer to Problem 1. Otherwise,
consider the rows in M as a set Y2 of n = b trajectories over τ = a time steps. Run algorithm A
again, but this time with Y2 as input. If the algorithm A returns ‘Yes’ then return ‘Yes’, otherwise
return ‘No’ as the answer to Problem 1.

To prove the correctness of this transformation consider the pair of real numbers xi, xj in x
with the smallest gap in x. If xi and xj are in different columns then algorithm A(Y1) will report
‘Yes’ if |xi−xj | ≤ δ. If xi and xj are in the same column they must belong to different rows, thus
A(Y2) will report ‘Yes’ if |xi − xj | ≤ δ, otherwise ‘No’.

Thus, we can solve Problem 1 with algorithm A in O(N)+TA(Y1)+TA(Y2) time. As there is a
lower bound for this time of Ω(N log N), this implies that max{TA(Y1), TA(Y2)} = Ω(N log N) =
Ω(τn log τn), because τn = Θ(N). ⊓⊔

4 An Exact Algorithm in the Continuous Model

In this section we consider the continuous model and present an O(τ2n2) time algorithm using
O(τn) space. In Section 5 it will be shown that there is an Ω(n2) lower bound for the running
time. Thus, the gap between our upper and lower bound is O(τ2).

Consider the set P of n moving entities Λ1, . . . , Λn in the plane, and let H(P ) denote the
minimal point set in the plane such that any axis-aligned unit square whose centre lies in H(P )
intersects at least k trajectories. The output of the algorithm presented in this section will be the
set H(P ), i.e. a set of polygons. Note that in difference to the discrete case, the polygons H(P )
are in general not rectilinear in the continuous case. In Section 4.1 we show how to construct an
arrangement of lines such that H(P ) can be constructed by a sweep line algorithm. The sweep
itself is described in Section 4.2.

4.1 Constructing the line arrangement

Recall that a trajectory Λ is a polygonal path described by τ points, p1, . . . , pτ , and that two
consecutive points pi and pi+1 are connected by a straight-line segment ei. Consider the following
polygon construction: for a trajectory Λ sweep an axis-aligned unit square σ along the trajectory
such that its centre moves on Λ as shown in Fig. 6a. The region swept by σ induces a polygon
which we denote by P (Λ), see Fig. 6b. Note that any axis-aligned unit square having its centre
within P (Λ), will intersect Λ. Thus, we can restrict ourselves to consider the centre locations for
the popular-place defining squares.

Consider a set P of polygons in the plane. The depth of a point q in the plane is the number
of polygons in P intersecting q. This definition allows us to describe H(P ) as follows:

Observation 1 H(P ) consists of the regions having depth at least k w.r.t. {P (Λ1), . . . , P (Λn)}.
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σ

(a)

p1

p2

p3

pτ

pτ−1

Λ

(b)

P (Λ)

(c)

e

P (e)σ

Fig. 6: (a) A trajectory Λ and the square σ that sweeps along Λ. (b) The polygon P (Λ) obtained from
the sweep, and (c) the polygon P (e) and the lines li generated by P (e) (dashed).

However, we do not explicitly compute the polygons P (Λ) for each Λ, instead the following
will be sufficient for our sweep. For each edge e = (pj , pj+1) of Λ consider the region swept along
e by the square σ. This region is a polygon P (e) with at most six edges, see Fig. 6c. For each edge
fi in P (e) we construct an infinite line li that contains fi. For each line li we store the start and
end point of fi on li, which side e lies to and Λ so that we later on know which entity this polygon
belongs to. We refer to fi as visible segment and to the rest of li as invisible line. The set of all
lines constructed as above yields the line arrangement A(L) which we will sweep. Obviously, A(L)
contains O(τn) lines.

4.2 Sweeping the line arrangement

The general idea is to sweep the arrangement A(L) while simultaneously building H(P ). Ini-
tially, we will describe an algorithm using a standard sweep-line technique with running time
O(τ2n2 log τn) using O(τ2n2) space. As the algorithm does not require a sweep by a straight-line
we will later see that we can use a topological plane sweep by Edelsbrunner and Guibas [8] to
improve the running time to O(τ2n2) and space to O(τn).

The algorithm will sweep the arrangement A(L) from left to right using a vertical line ℓ. The
status of the sweep line is an array S of size O(τn), which contains the current intersections
between ℓ and the visible segments in A(L) ordered along ℓ. For each intersection between ℓ and
a visible segment we store a bracket in S, with pointers between the segment and the bracket. A
bracket is formally a tuple 〈i, type, level, count〉, where i is the entity number corresponding to
the segment, type is open or closed depending on whether we are entering or exiting the polygon
P (ei) as we go down ℓ. Note that the brackets will always come in open/closed pairs and that we
can consider them as nested brackets. We keep track of matching pairs of brackets for the same
entity. For example if going down ℓ we enter two polygons belonging to entity 1 and then exit
both of them we get the following sequence of brackets (()). We say that the first and last are
one matching pair with nesting level (level) equal to 1, and the second and third bracket are a
different pair with nesting level 2. Note that the matching brackets do not have to come from
the same polygon. count is the stabbing number immediately after the bracket. count only counts
each entity once, so a point that stabs many polygons belonging to the same entity will only get
a contribution of 1 to count from that entity. Therefore in (()) the second bracket will have
count = 1 since the middle region only stabs one unique entity. An example in shown in Fig. 7.

The event points are the vertices of the arrangement A(L). Note that each vertex of a polygon
P (Λ) induces an intersection in A(L), thus the event points correctly includes all events for which
the status changes.

The sweep line ℓ starts to the left of all vertices of A(L), which means initially S is empty. The
moment at which the sweep line reaches an event point the status of the sweep line is updated.

When an event point x is reached the following process is performed. Recall that x is the
intersection point between two consecutive lines along ℓ. We denote the two intersecting lines by
l1 and l2. For ease of description we assume that, to the left of x, l1 lies above l2. We denote the
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(a) (b)

entity 3

entity 1
entity 2

entity 1
[1
1

(1

2
{1

3
(2

3
)2

3
)1

2
}1

1
]1
0

Fig. 7: (a) Example A′ (b) Brackets corresponding to the example. We use (, [, { for entities 1, 2 and 3
respectively. Superscripts and subscripts represent level and count. Matching brackets are shown with
arrows.

half-lines of l1 and l2 to the right of x by l′1 and l′2. The status of the sweep line ℓ just before
reaching x is shown in Fig. 8.

Note that it could happen that three (or more) lines intersect in an event point. We can deal
with this as if we processed three (or more) event points (in an appropriate order) for which only
two lines intersect. When describing all the possible cases when processing x, we will for simplicity
assume that only two lines of A(L) intersect in x.

Recall that each line li of A(L) corresponds to an edge fi of P (e), for some e of some Λ.
Together with li, we store the two points on li that are the start and end points of the segment
fi, see Fig. 6c. Now, for li and the event point x we have to distinguish four cases:

(i) x coincides with the start point of fi

(ii) x coincides with the end point of fi

(iii) x lies in the interior of fi

(iv) x and fi are disjoint

For cases (i)–(iii) it is also of interest to which polygon P (Λ) the line li is associated and
to which side of li P (Λ) lies. Let l1 and l2 be associated with the polygons P (Λ1) and P (Λ2),
respectively. Note that not all combinations of the cases for l1 and l2 can occur, e.g. (i) and (ii)
for l1 can never be combined with (iii) or (iv) for l2, since a polygon cannot start/end in a single
point. The six cases discussed below and illustrated in Fig. 8 are (modulo symmetry) the only
cases that can indeed occur.

(a) Both l1 and l2 are of type (iv). No changes are made to S.
(b) l1 is of type (iv), l2 is of type (iii) and P (Λ2) lies above l2. No change to S because ℓ does not

contain a bracket for invisible lines (l1) so the position of the bracket corresponding to l2 will
not change.

(c) l1 is of type (ii), l2 is of type (i) and P (Λ1) and P (Λ2) lie above l1 and l2, respectively. Then
P (Λ1) = P (Λ2) and there is no change to S.

(d) Both l1 and l2 are of type (i) and P (Λ1) lies below l1 and P (Λ2) lies above l2. Again P (Λ1) =
P (Λ2). Insert a pair of brackets into S (which might require shifting parts of S by one position)
and recalculate the level and count values for all the brackets in S. This can be done by
traversing all the brackets in S, thus it requires O(τn) time. For the symmetrically opposite
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l1

l
′

1l2

l
′

2

ℓ ℓ
(a) (b) (c)

(d) (e) (f)

P (Λ1) = P (Λ2)

x

P (Λ2)

P (Λ1)
P (Λ1)

P (Λ2)

P (Λ2)

Fig. 8: The cases at an event point x during the line-arrangement sweep.

version of this case we remove the corresponding pair from S and recalculate values in S in
the same way.

(e) Both l1 and l2 are of type (iii), P (Λ1) lies above l1 and P (Λ2) lies below l2. Swap the corre-
sponding brackets in S (they will be adjacent) and update the two brackets in constant time.
This will be described below.

(f) Both l1 and l2 are of type (iii) and P (Λ1) and P (Λ2) lie above l1 and l2, respectively. Same
as (e), i.e. swap the corresponding brackets in S (they will be adjacent) and update the two
brackets in constant time.

Since no updates are necessary in cases (a)-(c), and since we already established that case (d)
requires O(τn) time per update, it only remains to consider the cases (e) and (f). Note that the
following description applies to both cases (e) and (f). We only need to look at the two brackets
swapping positions since nothing else will change. Let a and b be the two brackets corresponding
to lines l1 and l2 before the event point. Then we distinguish two cases: either they both belong
to the same entity or not.

We start with the latter case: the brackets belong to different entities. In this case we can
update S as follows. Let a′ and b′ refer to the new items in S (which are now in order b′, a′). We
set a′ ← a, b′ ← b and then change the following values:

b′.count← a.count + ∆(b)−∆(a) and a′.count← b.count,

where

∆(x) =











0 if x.level > 1

+1 if x.level = 1 and x.type = open

−1 if x.level = 1 and x.type = closed

If the two brackets belong to the same entity then again we swap the brackets so we have b′,
a′ in S and we update them as follows:

b′.count← a.count + α, a′.count← b.count

b′.level← a.level + β, and a′.level← b.level + β
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(a) (b) (c) (d) (e)

v v
v v v

ℓ

Fig. 9: The cases that may occur while building H(P ).

where

α =

{

+1 if a.level = 1 and a.type = closed and b.type = open

0 otherwise

β =











0 if a.type = b.type

+1 if a.type = closed and b.type = open

−1 if a.type = open and b.type = closed

This only takes constant time so cases (e) and (f) can be done in constant time per event.

Lemma 4. The status of the sweep line can be maintained during the sweep in total time O(τ2n2)
and O(τn) space.

Proof. From above we have that the cases (a)-(c) and (e)-(f) can occur O(τ2n2) times but can be
handled in constant time. Thus, we only need to consider case (d). We can handle events (d) in
O(τn) time. However, there are only O(τn) of these events. Therefore the total time is O(τ2n2).
There are at most 6τn elements in S because the sweepline intersects each line in the arrangement
exactly once so we only need O(τn) space. ⊓⊔

It remains to argue how the polygon(s) H(P ) are constructed. To simplify the description, we
will describe the construction of H(P ) by a postprocessing step. We may assume that the set of
edges describing H(P ) is known. More precisely, for all Λ we know the edges of P (Λ), with one
incident face having depth less than k and the other incident face having depth at least k. We call
such edges boundary edges. Having information about all the boundary edges allows us to build
H(P ) by performing a second sweep traversing the set of boundary edges with a vertical sweep
line ℓ. Note that by definition, no two boundary edges can intersect. An event point v of this
second sweep will either be (a) a start vertex, (b) an end vertex, (c) a merge vertex, (d) a split
vertex or (e) a regular vertex of a polygon in H(P ), see Fig. 9. For an event point v it is not hard
to see that we can decide which kind of polygon vertex it induces in constant time by looking at
the information that the two boundary edges emanating from v yield. Hence, the sweep and the
construction of H(P ) can be done in O(|H(P )|), where |H(P )| denotes the complexity of H(P ).
Note that, by the line-arrangement sweep, we get the boundary edges already in order.

Recall that the line-arrangement sweep processed O(τ2n2) events, so together we have:

Theorem 5. Given a set P of n moving point objects in the plane, the set H(P ) can be computed
in O(τ2n2 log τn) time using O(τ2n2) space.

If we examine the above sweep-line algorithm we can observe that there is no need to process
the points from left to right. As long as a well-defined sweep line is maintained the order of
the event points is not important. This observation suggests the use of a topological sweep line
introduced by Edelsbrunner and Guibas [8]. As a result the above bounds can be improved.

Theorem 6. Given a set S of n moving points in the plane, the set H(P ) can be computed in
O(τ2n2) time using O(τn + |H(P )|) space.
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5 Hardness in the Continuous Model

We argue that it is likely that every algorithm in the continuous model of the problem requires
Ω(n2τ2) time in the worst case. We will present a transformation from the problem 3-sum2 to a
special case of our problem.

Problem 3. (3-sum2)
Given three sets A, B and C of integers with |A| + |B| + |C| = N , are there a ∈ A, b ∈ B and
c ∈ C with a + b = c?

The 3-sum2 problem is closely related to the classic 3-sum problem and has been proven to be
3-sum-hard [11]. This means that it is at least as hard as 3-sum (with input size N) for which no
subquadratic time algorithm has been found yet, which is an indication for an inherent hardness
of the problems. For a weak model of computation a lower bound of Ω(N2) for those problems
exists [9]. The problem we will prove to be 3-sum-hard is the following version of the popular
places problem.

Problem 4. (pop-place2)
Given the trajectories of n entities over τ time steps, is there a popular place of at least three
entities with side length zero?

Let (A, B, C) be a 3-sum2 instance and let τ be a fixed positive integer with 1 ≤ τ ≤ N . The
transformation from 3-sum2 to the pop-place2 problem is as follows. For each integer s of the
input, we create a line ℓs : y = d1x + d2, where d1 and d2 depend on s and which set s belongs to.
We sort the set A = {a1, ..., a|A|} such that it is indexed in increasing order of its elements. We

then create a set LA of horizontal lines LA := {ℓh
a : y = a | a ∈ A}. We do the same for the sets

B and C and create a set of vertical lines LB := {ℓv
b : x = b | b ∈ B}, and a set of diagonal lines

LC := {ℓd
c : y = c− x | c ∈ C}. See Figure 10(a), for an example of three such lines that intersect

in one point.

x

y

0

(a) (b) (c)

ℓh
a

ℓv

b

ℓd
c

BB

ℓ
h
a1

ℓ
h
a2

ℓ
h
a3

ℓ
h
a6

ℓ
h
a7

ℓ
h
a11

Fig. 10: Examples illustrating the transformation for the lower bound: (a) three lines ℓh
a ∈ LA, ℓv

b ∈ LB and

ℓd
c ∈ LC , which intersect in one point; (b) the bounding box BB containing all intersections between all

lines; (c) constructing trajectories of length τ = 12 using the line segments of set LA with |LA| = |A| = 11.

Observation 2 There exist a ∈ A, b ∈ B and c ∈ C with a + b = c, iff the three lines ℓh
a, ℓv

b and
ℓd
c intersect in one point.

Now, we transform these lines into line-segments. We compute an axis-aligned bounding box BB
whose interior contains all intersections between all lines, as is illustrated in Figure 10(b). For
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each line, we then cut off everything outside BB, resulting in N line segments. For the sake of
simplicity, we consider the sets LA, LB and LC as sets of these line segments from now on. Note
that no two line segments belonging to the same set can intersect.

As a last step we construct trajectories using the line segments. We will only describe this for
the set of horizontal line segments LA = {ℓh

a1
, ..., ℓh

a|A|
}, because for the other sets it is analogous.

To create a trajectory of length τ , we start with ℓh
a1

and connect it to ℓh
a2

with a vertical line
segment joining the right endpoints of ℓh

a1
and ℓh

a2
. We then join the left endpoints of ℓh

a2
and

ℓh
a3

by another vertical connector line segment. We continue to add line segments ℓh
ai

and vertical
connector segments either on the left or right side until we obtain a trajectory of length τ or τ−1. If
τ is even, we extend the current trajectory by adding a unit-length horizontal dummy line segment.
With the remaining line segments in LA, we create more trajectories, and we continue the process
until all line segments of LA are used in trajectories. If, for the last trajectory that was created,
there are not enough line segments in LA for it to have length τ , we add unit-length horizontal
dummy segments to it to achieve length τ . An example is shown in Figure 10(c). Note that none
of the added horizontal dummy segments and none of vertical connector segments intersects with
any other line segment. The line segments of the sets LB and LC are used to create trajectories
of length τ in a similar way.

The result of this transformation is a set T of n trajectories over τ time steps. From the above,
the following lemma becomes evident.

Lemma 5. There exist a ∈ A, b ∈ B and c ∈ C with a + b = c, iff there exists a popular place in
T of at least three entities with side length zero, i.e. 3-sum2 ≤ pop-place2.

Note that in our trajectories T , we have N segments originating from A, B and C, at most N
connector segments and at most 3τ ≤ 3N dummy segments. Hence, the size of T is nτ = Θ(N).
As the transformation holds for any τ and can be done in O(N log N) time, we can conclude with
the follwing theorem.

Theorem 7. Let T be a set of n trajectories over τ time-steps. There exists no o(n2τ2) time
algorithm to decide pop-place2 with input T , unless there exists an o(N2) time algorithm to
decide 3-sum2 for an input of total size N .
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23. S. Sǎltenis, C. S. Jensen, S. T. Leutenegger, and M. A. Lopez. Indexing the positions of continuously
moving objects. In Proceedings of the ACM SIGMOD International Conference on Management of
Data, pages 331–342, 2000.

24. F. Verhein and S. Chawla. Mining spatio-temporal association rules, sources, sinks, stationary regions
and thoroughfares in object mobility databases. In Proceedings of the 11th International Conference on
Database Systems for Advanced Applications (DASFAA), volume 3882 of Lecture Notes in Computer
Science, pages 187–201. Springer, 2006.


